Log improvement of the Prodi-Serrin criteria for 
Navier-Stokes equations 



Abstract: This article is devoted to a Log improvement of Prodi-Serrin criterion for 
global regularity to solutions to Navier-Stokes equations in dimension 3. It is shown 
that the global regularity holds under the condition that |Ml^/(log(l-|- |u|)) is integrable 
in space time variables. 
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1 Introduction 

In this article, we consider the Navier-Stokes equation on R^, given by 



where m is a vector- valued function representing the velocity of the fluid, and p 
is the pressure. Note that the pressure depends in a non local way on the veloc- 
ity u. It can be seen as a Lagrange multiplier associated to the incompressible 
condition ^ . The initial value problem of the above equation is endowed with 
the condition that u{0, ■) — uq G L^(R'^). Leray [11] and Hopf ^ had already es- 
tablished the existence of global weak solutions for the Navier-Stokes equation. 
In particular, Leray introduced a notion of weak solutions for the Navier-Stokes 
equation, and proved that, for every given initial datum uq G L^(R^), there 
exists a global weak solution u G L°°{0,oo; L'^(R^)) fl L'^{0,oo] H'^iR^)) verify- 
ing the Navier-Stokes equation in the sense of distribution. From that time on, 
much effort has been devoted to establish the global existence and uniqueness 
of smooth solutions to the Navier-Stokes equation. Different Criteria for regu- 
larity of the weak solutions have been proposed. The Prodi-Serrin conditions 
(see Serrin T^, Prodi [14J, and [T7]) states that any weak Leray-Hopf solution 
verifying u G ^^^"(0, oo; L'^(R'^)) with 2/p + 3/q — 1, 2 < p < oo, is regular on 
(0, oo) X R^. Notice that if p — q, this corresponds to u € i'^((0, oo) x R^). The 
limit case of L°°{Q, oo; i'^(R'^)) has been solved very recently by L. Escauriaza, 
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dtu — Au + div{u u) + Vp = 0, 
div(w) = 0, 



(1) 
(2) 



G. Seregin, and V. Sverak (see [?])■ Other criterions have been later introduced, 
dealing with some derivatives of the velocity. Beale Kato and Majda [ij showed 
the global regularity under the condition that the vorticity uj = curl u lies in 
L°°(0, oo; L^(]R'^)) (see Kozono and Taniuchi for improvement of this result [5]). 
Beirao da Veiga show in [2] that the boundedness of Vu in LP(0, oo; L9(IR^)) for 
2/p+ 3/q = 2, 1 < p < oo ensures the global regularity. In [3 , Constantin and 
Fefferman gave a condition involving only the direction of the vorticity. Let us 
also cite a condition involving the lower bound of the pressure introduced by 
Seregin and Sverak in [15j , and conditions involving only one of the component 
of u (see Penel and Pokorny 13J, He [5], and Zhou ^^)- 

This article is devoted to the following log improvement of the Prodi-Scrrin 
criterion corresponding to p = q = 5: 



Theorem 1. Suppose that u is a weak Leray-Hopf solution of the Navier-Stokes 
equation (QJ) (0) satisfying 

= r u,|5 

dx ds < oo, 







log(l + |u|) 



then, u G C°°((0,oo) x R^). 

Montgomery-Smith introduced the following criterium in [12j : 



Mt)r 



— dt < OO. 



1 +10g+ ||u(t)||i,(R3) 

Notice that the log improvement is, here, in time only. This can be seen as a 
natural Gronwall type extension of the Prodi-Serrin conditions. So we can see 
it as a one dimension ODE type extension. 

The goal of our result is to extend this log improvement also in a;. For this 
purpose we focused on the homogeneous case p — q = 5, even though extension 
to the Prodi-Serrin range 2 < p < oo should be doable. 

The proof of Theorem [T] is split into two parts. The first point is to show that 
for any time t > X, the L°° norm of u in x can be bounded in a afhne way by 

lufdxdt. 



More precisely, we will show the following Proposition: 



Proposition 1.1. For every X satisfying < A < 2, there exists some uni- 
versal constant Ax > 0, depending only on X, such that, for any solution 
u of the Navier-Stokes equation on (0, oo) x R'^, we have ||u(T, ■) ||^oo(r3) ^ 

Ax{l + /jj3 \u\^dxds}, for any T > X. 

Then Theorem [1] follows from a Gronwall argument on ||M(t)||ioc(jj3), since: 

||u(i)||Loo(R3) < Ax 

+Ax / iog(i + lh.(.)IU^(«3)) (1^^ i^g(^tK.)l) 
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and the Hypothesis gives that /^s ;Qg|"|_|J(3)|) dx lies in -^■'^(0, oo). 

Notice that the inequahty of Proposition ! 1 . II needs to be invariant by the scahng 

of the Navier-Stokes equation: 

Ue{t, x) — eu{to + e'^t, xo + ex). (3) 

This is why the norm pops up, since it has the same scahng as that of the 
L°° norm. Taking advantage of the scahng ([3]), Proposition 11.11 wiU follow from 
the following rescaled Proposition: 

Proposition 1.2. There exists a universal positive constant C* , such that 
for any solution u of the Navier-Stokes equation on [—1,1] x R"^ satisfying 
||'u||l6(k3x[_i_i]) C* , we have \u\ ^ 1 almost everywhere on [— ^, 1] x M'^. 

The proof of proposition ll.2l is in the same spirit as the proof given by A. Vasseur 
[15] . It relies on a method first introduced by De Giorgi to show regularity of 
solutions to elliptic equations with rough diffusion coefficients [1] . In this paper, 
the proof of proposition 11.21 is established though sections 2, 3, 4 and 5. In 
section 6, we will deduce proposition 11.11 from proposition 11.21 Finally, in the 
last section of this paper, we will use the conclusion of proposition 1 1.1) together 
with the fundamental result of Serrin [16] , to obtain the result of Theorem [TJ 

2 Basic setting of the whole paper 

In order to prove proposition [T21 we would like to introduce some notation first. 
Then, we will state two lemmas and one proposition which are related to the 
proof of proposition [T21 So, let us fix our notation as follow. 

• for each A: ^ 0, let Qk = [Tk, 1] x in which Tk = + ^). 

• for each fc ^ 0, let Vk = {|w| — (1 — ^)}+- 

. for each /c ^ 0, let 4 = ^.l^^^^^^^^^_^^^\v\u\\^ + f^|Vup. 

• for each A: ^ 0, let Uk = 5ll«fellL-(Tfc,i;i^(K=')) + /r=» ^^Idxdt. 

With the above setting, we are now ready to state the lemmas and proposition 
which are related to proposition 11.21 as follow. 

Lemma 2.1. For any solution u of the Navier-Stokes equation on [—1,1] x 
R'"^ satisfying ||u||i6(Q(,) ^ 1, we have Ui ^ A||w|||6(Qq); in which A is some 
universal constant strictly greater than 1. 

Proposition 2.1. There exists some universal constants B, /3 > 1, such that 
for any solution u of the Navier-Stokes equation on [—1,1] x MP satisfying 
II"IIl8(Qo) ^ ^T, we have Uk ^ B^U^_-^^, for all k ^ 1. Here, A is the universal 
constant appearing in Lemma \2.1\ . 
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Let us first show that Lemma 12.11 and Proposition 12.11 provide the result of 
Proposition 1 1 . 2I First we show that the sequence Uk converges to when k goes 
to infinity. We can use for instance the following easy lemma (see [T5]): 

Lemma 2.2. For any given constants B , [3 > \, there exists some constant Cg 
such that for any sequence {ofcjfc^i satisfying < ai < Cq and ^ -B'"'a^_-^, 
for any k ^ 1, we have limk—tooCLk — . 

Indeed, let B, (3 > 1 he the constants occurring in proposition 12.11 and let Cg 
be the constant associated to B, /3 in the sense of lemma Now, take C* = 
min{^~r, (~A')^}y which A is the universal constant appearing in Lemma l2.1l 
Then, for any solution u of the Navier-Stokes system on [—1,1] x R'^ satisfying 
ll'"IU''(Qo) ^ C**, we have ||'u||i6(QQ) < (^)^- Hence, proposition 12.11 tells us 
that [/fc ^ B^U^_-^, for all k ^ 1 must be valid. On the other hand, Since 
ll"IU<*(Qo) ^ C* ^ 1, Lemma [2H also implies that Ui ^ ^||u|||6(q^j ^ Cg. 
Hence, it follows from Lemma 12.21 that linik^ocUk = 0. However, since we have 
the inequality 

If - l}+da; sC isup4g[_i 1] / vldx^Uk, 

for every t G [—^,1]. As a result, lirrik^ooUk = immediately implies that 
|m| ^ 1 almost everywhere on [—5,1] x K.^. This gives the result of Proposition 

3 proof of lemma 2.1 

In this section, we will devote our effort in proving Lemma 12.11 Let us recall 
that the Navier-Stokes equation on (—00, 00) x is 

dtu - Au + div{u (E)u) + VP = 0, 

together with the divergence free condition div(u) — 0. Now, by multiplying 
the above equation by the term -^u, we yield the following inequality, which is 
valid in the sense of distribution. 

dtdv!) + dl- + divC^u) + ^uVP ^ 0. 

2 2 Z \u\ 

Consider now the variables a, t with TgSCa^Ti^^^l, where Tg — —1, and 
Ti = — i(l + i). We mention that we have the following , which is valid in the 
sense of distribution. 

• C dt{\vl)dx ds = \ ^^,vl{t,x)dx - ^ J^,vj{a,x)dx. 

• /j/ija div(^u) - A{^)dxds = 0. 
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Hence, by taking the integral over [a, t] x to the above inequality, we yield 
the following estimation. 

- f vf{t,x)dx+ ( ( d\dxds^- ( v1{a,x)dx+ ( \ [ Y~\UVPdx\ds 

= \ I vl{a,x)dx+ [ I / PV{p-u)dx\ds 
^t; [ vl{a,x)dx + 2,( [ di\P\x{vi>o}dx ds 

^ Jr3 Ja- Jm.3 

<^ / vf{a,x)dx + ^ I I a^didxds 
+ o / / -^X{vi>o}dxds, 

in which a can be any positive constant (In the third step of the above deduction, 
we have used the nontrival fact that lV(j^?i)| ^ Sdfe, whose justification will 
be given in the last part of Section 4) . Hence we yield the following inequality 
which is valid for any a > 0. 



/ r / ^2-^dxds^ [ ^-i^dx 

2 J^3 2 J^3 2 

11 

Ja JM. 



rt 

/MS 

If we choose a = (4)5, then the inequality shown as above becomes 



\l vl{t,x)dx+] f f dldxds^ f ^^i%^da;+3 / / \PW^^^>oydxds. 

^ JR3 4 Ja Jr3 Jr3 Z Ja Jr3 

By taking average over a € [Tq,Ti], we can carry out the following estiamtion 
f ^hih^^^^ f f 'kdxdsi^^j [ vl{a,x)+3 [ [ \PW^^,>oydxds. 

JR3 ^ JTi JR3 4 Z J_i Jjja J_i Jr3 



Notice that, in the above inequality, the integer 4 appears in the first term of 
the right hand side because j, Jj, — - = 2^ = 4. Now, by taking the L°°-norm 
over t G [2^1, 1], we yield 

-U^^2 r j vldxds + 3 [ |P|'x{„,>o}. 

* J-l JR3 JQo 



But, we notice that 
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On the other hand, since the pressure P satisfies the equation — AP — ^ didj{uiUj). 
So, by the Riesz theorem in the theory of singular integral, we have ||-P||l3(Qo) ^ 
C3||u||^6(Qjj), in which C3 is some universal constant . Hence, it follows that 

/ 1^'PX{^;1>0} < \\P\\h(Qo)\\X{v,>0}\\L=^(Qo) 
JQo 

< C'll|w|li6(Qo)IIX{t,o>i}IU^(Qo) 

J Qo 

= 4Cfll"llie(Qo)- 

Hence it follows that 

\u,^2f vl + sf |PpXW>o} 

^ 2^||u||^6(Q^-) + I2C3 ||u||^6(Q^). 

As a result, by taking A — 2'^ + 48C|, we can at once deduce that 

Ul ^ A\\u\\le^Q^y 

So, we are done in establishing Lemma BTT] 

4 Preliminaries for the proof of proposition 2.1 

Lemma 4.1. There exists some constant C > 0, such that for any fc ^ 1, 

and any F £ L'^(Tk,l; L^{R^)) with VF e L^iQk), we have \\F\\ in,^ , < 

L 3 (Qk) 

2 3 

C||-P'llLoo(Tfc,l;i^(K^))ll^^lli^(Qfc)' 

Proof. By Sobolev-embedding Theorem, there is a constant C, depending only 
on the dimension of M.^, such that 

(/ \F{t,x)fdx)i i;:Ci [ \VF{t,x)fdx)i. 
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for any t 6 [Tfc,l], where fc ^ 1, and F is some function which verifies F G 
L°°{Tk, 1; L2(R3))^ and VF G L\Qk). By taking the power 2 on both sides of 
the above inequahty and then taking integration along the variable t £ [Tfc, 1], 
we yield 

/ (/ \F\^dx)idti^C^ f [ \\/Ffdxdt. 
On the other hand, by Holder's inequality, we have 

|Fp,o - / / \F\''\F\idxdt 

^ [\[ \F\''dx)m \F{'dx)Ut 
By taking the advantage that 11-^11^2(7.^^1.^6(^3)) < C||VF||i2(Q^), we yield 



-L°°(Tfc,l;L2(a3))||-f llL2(Tfc,l;I,6(iR3)). 



Il^^ll ^ ^^'ll^^ll!~(^„i^^.(«3))||VF||i.«3^). 

Hence, we have 

^ *^ll'^lll~(T.,l;i^(M3))l|VF||^,(Q^). 

so, we are done □ 

Lemma 4.2. For any 1< q < oo, we have \\X{vk>o}\\L'>{Qk-i) ^ 2^C^U^:!_^ . 

Proof. First, we have to notice that {vk > 0} is a subset of {vk-i > ^}, hence 
we have 



/ XW>0}</ X{v,_,>^}^^''l l«fc-i| 
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By our previous Lemma, we have 



"£,-3-Wfc-l) 



C^||^^fe-l|||,c»(T,_i,l;i2(K3))||VWfc_l||i2(Q^_^) 

<c\uu)Hdk-,\\UQ,_,^ 

^ C^u}_^Uk-i 



So, it follows that Jq^_^ X{vk>o} ^ '2 ^ C^i/^^^, and hence we have ||x{«fc>o} lU-'CQfe-i) 

lOfc 1 

2'^ CtU^t-^, where C is some universal constant. So, we are done. □ 
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In the proof of Lemma [4.21 we have used the fact that \vk\ ^ dk, whose justifi- 
cation will be given immediately in the following paragraph. 
Before we leave this section, we also want to list out some inequalities which 
will often be used in the proof of proposition 1.1 as follow: 

• l(i-fi^)"Ki-2^- 

• X{v^>o}\^\u\\ dk. 

• |Vwfc| < dk. 

. |V(fiu)| sc: 3dk. 

Now, we first want to justify the validity of |(1 — J^f|)"l ^ 1 ~ the case 

in which the point {t,x) satisfies |u(i,a;)| < 1 — we have Vk{t,x) ~ 0, and 
hence it follows that 

In the case in which {t, x) satisfies \u{t, x)\ ^ 1~ we have Vk{t, x) — \u{t, x)\ — 
(1 — ^), and hence it follows that 

|{1 - -}u{t,x)\ = |1 IH = 1 - ^. 



So, no matter in which case, we always have the conclusion that |(1 — ^57^)^1 ^ 
1 - 

Next, according to the definition of df., we can carry out the following estimation 
Hence, by taking square root, it follows at once that dk ^ f^lVul. 

\u\ 

We now turn our attention to the inequality X{|„|^(]^„^')}.|V|u|| ^ dk. To justify 
it, we recall that |Vm| ^ |V|u||. Hence, it follows from the definition of d^ that 

So, by simplifying the right-hand side of the above inequality, we can deduce 

that dl > X{\u\^i L}|V|u|p. Hence, we have dk ^ X{|u|5.i-^} I |. In 

addition, since it is obvious to see that Vufe = Xf|„|>i_ i i.V|w|, we also have 

1 1 I ^ 2^ S 

the result that |Vwfc| < dk- 

Finally, we want to justify the inequality that |V(j^u)| ^ 3dk. So, we notice 
that, by applying the product rule, we have 
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,Vks , . U Vi. Vk 

\u\ \u\ \u\ \u\^ 

However, since j^|Vu| s$ dk, and ||^uV|u|| ^ [ V|u| | ^ dk, it 

follows at once from the above expression that |V(j^u)| ^ 3dk. 

5 proof of proposition 2.1 

To begin the argument, we recall that, by multiplying the equation dtu — Au + 
div{u(^u) + WP = on (—00, 00) xM.^^, we yield the following inequality formally, 
which is indeed valid in the sense of distribution 

+ dl A(|) + d^vCfu) + ^^.VP ^ 0. 

Next, let us consider the variables a , t verifying Tk-i ^a^Tk^t^l. Then, 
we have 

• la /r3 dt{^)dxds = /jj3 ^^^^^dx - /j^g ^^^^^^dx. 

• /.7K3A(4)rfxds = 0. 

• /jja div{^u)dx ds = 0. 

So, it is straightforward to see that 



^^^l^dx+ f I dldxds^ [ f\ [ ^uVPdx\ds, 

for any cr, t satisfying Tk-i ^ cr ^ ^ t ^ 1. By taking the average over the 
variable cr, we yield 



/ !^fe(ilfida;+ / / dldxds (^2'' f ' [ vl{s,x)dxds+ [ \[ ^uVPdx\ds 



.,2f+ ^^ ft p fTk r rt 

/ / dldxds 2'= / / 
By taking the sup over t G [T^ , 1] . the above inequality will give the following 



C/fc ^ 2*^ / vl + I \ I ^uWPdx\ds. 
jQk-i Jr., Jr3 \u\ 



But, from Lemma 14.21 and Holder's inequality, we have 
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VkX{vk>0} 



f 12 3 

(/ ^^fe' )^IIXW>o}|| 



€ . . ... . '■■'"z,S(Q^_i) 



As a result, we have the following conclusion 



Uk^2'-^CUI_^+ ( \l '^uVpdx\ds. (4) 

Now, in order to estimate the term J^^ ^ \ J^^ ^^uVPdxlds, we would like to 
carry out the following computation 



-AP = y^^didj{uiUj) 

=E«.«.(('-S'«-(i-S'"^+2(i-S>"<S"'> 

Vk Vk 



This motivates us to decompose P as P = Pki + Pk2, in which 



-APk, = ^d,Mil - - ^)., + 2(1 - j^^H^^u,}, 

and that 

-APk2 = 
First, we have to notice that: 

1(1 __) ,^,^.+2(l-_K-.,| 

<a-^){a-^)K-i+2^N} 

^ 3|mj| ^ 3|u|. 

So, by Riesz's Theorem in the theroy of singular operator, we yield 
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So, we have 



/ I / ^uVPkidx\ds 

3 / / dk\Pki\x{vk>o}dx ds 



Pki^iT^u)dx\ds 
/k3 \u\ 



< ^dk\\L■^(Q^_,)\\Pkl\\LB(Qk-l)\\X{v^,>0}\\L3(Qk-l) 

IQk „ 1 , ^ 



^3{2^)\\dk-i\\mQ,_,)SCe2—C-^U^_, 
That is, we have the following conclusion that 



/ 1/ ^uVPkidx\ds^C2^Ui^t^. (5) 



Next, we would like to estimate the term J^^ ^ \ Jj^g ^u\/Pk2dx\ds. First, we 
recall that, by the very definition of Pk2 ,we have 



in which Ri , Rj etc are the Riesz's Transforms. Hence, we have 



\u\ 

Now, we notice that 



VPk2 = ^RiRj{Vi^^Ui^^uj)}. 



\u\ \u\ U U u \u\ 



= dtvkdk- 

So, by applying the Riesz's Theorem in the theory of Singular integral, we have 
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jQk-1 JQk-1 

< C'|l|w|U«'(Qo)IMfclU=(Qfc-i) 
<C3(i)H(2)5||4_i|U.(Q^_^) 

So, by applying the generalized Holder's inequality with exponents 30, | to 
the terms Vk, X{vk>o}j VPfe2 respectively, we yield 

1 p 

I / ^uVPk2dx\dt 



VkX{vk>o}\'^Pk2\dxdt 

Qk-i 



That is, we have 



[ I / ^uWPk2dx\dt ^ C2imi^. (6) 



So, by combining inequalities , we yield 



Uk < 2^Cul_^ + [ I / ^uVPdx\dt 



/M3 

^ 2r^Cul_^ + C2^i7ji + C2ti7£i 

7k IS. 

That is, we will have the result that 



7k IS. 

Uk^C2-Uit^, 



for any /c > 1. 
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6 Proof of proposition 11.11 



Now, we would like to establish proposition 11.11 on the foundation of proposi- 
tion [TT2l To begin, let C* be the positive universal constant occuring in propo- 
sition [TT^l First, let show the proposition in the special case A = 2. We chose 
T to be an arbritary chosen positive number greater than 2, and let u be a 
solution of the Navier-Stokes equation on (0, oo) x R'^. In the case in which u 

satisfies the condition that /jja \u\^dxds < (C*)^, we define the function u* 
by M*(s, x) — u{s + {T — 1), x), which can be regarded to be another solution of 
the Navier-Stokes equation on [—1,1] x R-^ satsifying 

*|6j^j„_ / / \„.\Sj^j„^ / / L,|6 j„ ^ /'/-r*\6 



\u*\''dxds= / / lul^dx 



T-2 



dsr^ f f \u\^dxds < (C* 

Jo JR3 



Hence, we have ||u*||i6([_i ij^rsj C* . So, it follows from the conclusion of 
proposition O that ||u(T, •) 1|l~(r3) = ■)\\l'^(r3) ^ 1. 

So, the above argument shows that 



we have \\u{T, •)1|l=°(r3) ^ 1, if T > 2, and u is a solution of the Navier- 
Stokes equation satisfying jj" \u\^dxds ^ (C*)^. 



Next, we also need to deal with the case in which the solution u satisfies the 
condition that Jq J^3 \u\^dxds > (C*)®. In this case, let us consider the function 
defined by u^it^x) — £u(e^i,£x), in which e > is arbritary. Then, by 
applying the change of variable formula, it is easy to see that 



72- 



^^dxds = e I I \uf'dxds. 



Js? Jo 



So, by taking e = {C*f ■ {2 ^3 \ufdxds}~^, we yield 

[ \u,fdxds = ^^<iC*)'. 

Jo JR3 ^ 

The last inequality signifies that the solution falls back to the first case in 
this discussion. Hence, it follows directly form the conclusion we made for the 
frist case that must satisfies •) I|loo(e3) ^ 1. So, we eventually have 

IT 1 2 f 

I|u(7',-)IIl~(r3) = ,-)IIl~(R=') < - = 77^ / / \u\^dxds. 
£ e £ ) Jo JR3 

As a result, by all the discussion we made as above, we conclude that, no matter 
in which case, we always have the following inequality to be valid for any T > 2, 
and any solution u of the Navier-Stokes equation on (0, 00) x M.^ 



R3) < A{1+ / 
Jo 



T 

6, 



||7/(T,-)|U-(R3) < A{1+ / / \u\^dxds} 
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where A is the universal constant defined hy A = max{l, j^pry;}- This gives the 
proof of Proposition 1 1 . 1 1 in the special case A = 2. 

Next, let A be a fixed positive number satisfying < A < 2. As usual, let u be 
a solution of the Navier-Stokes equation on (0, oo) x R'^. Now, let us consider 
the function w which is defined by 

/ \ /A^l ^A /A.l_. 
Wit,x) = {-)2u{-t,{-)2x). 

Then, by applying the above case to w, we have the following estimation, which 
is valid for any T > A. 



d)~'A{l+ f ' / \w\''dxds} 
^ Jo Jr^ 

^d)^A{l + {^)^ r f \u\'^dxds} 

^ Jo JR3 

^ d)^A{l+ r [ \u\''dxds}. 
^ Jo Jr^ 

This gives proposition 11.11 where the universal constant Ax is chosen to be 



A, = il)U. 



7 establishment of Theorem 1 

Finally, we are now ready to establish the conclusion of Theorem [1] on the foun- 
dation of proposition 11.11 We make use of the following result due to Kato [S] 
(see also the book of Lemarie-Rieusset |10)). 



Theorem 2. Let p > 3. Then, for any given initial datum uo G LP{M.^) 
satisfying div{uo) = 0, there exists a positive T* and a unique weak solution 
u e C([0,T*);Lp(M3)) for the Navier-Stokes equation on (0,T*) x gg that 
it(0, •) — Uo- This solution is then smooth on (0,T*) x R^. In addition, such a 
unique solution will also satisfies the extra condition that u{t,-) G Co(M^), for 
allte (0,T*). 

To begin, let w be a weak solution of the Navier-Stokes equation on (0, oo) x M.^ 
satisfying the condition that /q°° /jja iogli+\u\) '^^ '^^ ^ Then, by using the 
elementary inequality log{l +t) ^ which is valid for all t ^ 0, we can deduce 
at once that 



dxds^ I / - — J- j — —dxds<oo. 

Ir3 log[l + \u\) 
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Now, let A e (0,2) to be arbritary chosen and fixed. Since \u\^dxds < 

oo, it follows that the quantity J-^^ \u{t, x)\'^dx must be finite for almost every 
t S (0,00). So, with respect to A, we can choose some tq with < tq < A in 
such a way that J^^ \u{to, x)\'^dx < 00, or equivalently u{tq, •) G L'*(K^). So, by 
using a simple shifting technique, we may apply the Kato's Theorem quoted as 
above to deduce that there exists some positive constant T* > tq so that our 
weak solution u is smooth on (tq, T*) x M.^, and that u{t, ■) e Co(M'^), for every t 
with To < t < T*. Hence, we know, in particular, that our weak solution u must 
be lying in the space L'^^{to,T*; L°°(R^)). Now, for some technical purpose, 
we would like to pick up two numbers ti and T2 which verify the condition that 
To < Ti < T2 < mm{A,r*}. Once ti and T2 are chosen, they will be fixed. 
Now, from our original weak solution u, we can construct another weak solution 
V by requiring that v{t,x) = u(t + ti,x). Now, by applying the conclusion of 
proposition 11.11 to the weak solution v and the number T2 — ti , we can at once 
deduce that we have the following inequality 

||i;(t,-)||L~(B3) ^ A{1+ / / Ivl'^dxds}, 

to be valid for all t > T2 — ti , in which A is some universal constant depending 
only on T2 — Ti . However, this means the same as saying that we have the 
following inequality 

Pt + Ti [• 

||u(i + ri,-)|U-(R3) s$ ^{1+ / / \u\'^dxds}, 

which is valid for all t > T2 — ti. Hence , it follows that we can make the 
following conclusion 

• for every t > T2, we have \\u{t, •)IIl~(r3) < ^{1 + J^^ /r3 \ufdxds} , in 
which A is some universal constant depending only on T2 — ti. 

At this stage, we are ready to apply the Gronwall's argument in the theory 
of ordinary differential equations as follow. For this purpose, we take ijjit) = 
t ■ log{l + t), which is a strictly increasing positive valued function on (0, 00) 
satisfying the condition that 

r 1 , 

Then, it follows from our last inequality that 



^A{1+ f [ V'(H) , .. dxds} 
Jt, Jr^ i-og{l + \u\) 

/■* f \u\^ 

^^{1+ / V'(II"I|l-(R3)) / 1 — dxds}, 
Jr, Jr^ i-og[l + \u\) 



15 



which is vahd for all t > T2. 

Next ,we put F(t) = \\u{t, •)||l°°(r3)- Then, the above inequality can be rewrit- 
ten as 

F{t)^A{l+ f\jiFis))Gis)ds}, (7) 

for all t > T2, where G is the function defined by G{s) — j^^^^^^^^^^dx. 
Furthermore, we notice that by the hypothesis of Theorem [2 the function G 
must satisfies the condition that 



G(s)ds = / / - — ; 1 — r^dxds< 00. 

Jo Jr^ logil + \u\) 

Here, for the sake of convenience, we define 

H{t)=A{l+ f xlj{F{s))G{s)ds}, 

Jti 

for all t > Tl. Then, our last inequality can be rewritten as 

• F{t) ^ H{t) , for all t > T2. 

Since ip is a strictly increasing positive valued function on (0, cxd), it follows at 
once that 

dJ-f 

— = A^/j{F{t))G{t) ^ A^{H{t))G{t), 
which is valid for all t > T2. That is, we have the fact that 

• for every t > T2 , we have ^ Aip{H(t))G{t). 

As a result, by taking integration in time over the interval (T2,t), for t > T2, it 
follows at once that 



(t)) - ^{H{t2)) i^A f G{s)ds, 

J To 



for all t > T2, in which is the function defined by '^{y) — -^^dy. Hence, 
we can deduce that 

• for every t > T2, we have < *(-ff(^2)) + A J^^ G{s)ds . 

At this stage, in order to complete the Gronwall's argument successfully, we 
definitely need to show that H{t2) is finite. To achive this, let us recall that 
we have already used the Kato's Theorem to deduce that our original weak 
solution u must satisfies u G L'^^ijQ, T*; L°°(R^)), and this at once tells us that 
||'"||L°°([Ti,r2]xR3) — supi(z[T^^T^]F{t) < +00 , because of the fact that < tq < 
Tl < T2 < min{X,T*}. Hence, it follows immediately that 
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H{t2) ^ A{1 + V'(||M||L-([ri,r2]xR3)) / G{s)ds} < +00. 

So, we can now combine H{t2) < oo, and G{s)ds < cxd to deduce that 

• for every t > T2, =^ *(i^(r2)) + G{s)ds < 00. 

That is, we now know that 'i>{H{t)) must be finite, for every t > T2. Since 
Ia °° i'lyj'^y ~ ^^^^ ^^^^ force us to admit that H{t) < 00, for all t > T2. 

Hence, we eventually have the conclusion 

• for every t > T2, we have ■)||loo(j{3) = F{t) ^ H{t) < 00 . So, in 
particular, we now know also that u e L'^^{t2, 00; L°° (R^)) . 

Since our weak solution u now satisfies the condition u G L'^^{t2,oo;L°°{M.^)), 
by applying the famous result of Serrin [16 that we mentioned in the introduc- 
tion with the case in which p = q = 00, u G L'^^((t2,oo) x K^) immediately 
implies that u G C°°((r2, 00) x R'^), and hence we have the conclusion that u 
must be smooth on (A, 00) xR-^ (notice that T2 < A). Since A G (0, 2) is arbritary 
chosen in the above argument, we can finally deduce that any weak solution u 
satisfying the hypothesis of Theorem [1] must be smooth on (0, 00) x R^. 
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